Abstract
Introduction
Few-particle systems whose two-particle (ij) subsystems are characterized by large s-wave scattering lengths a ij exhibit universal properties. Their systematic theoretical study was pioneered by V. Efimov almost 50 years ago [1] but the experimental confirmation came many years later [2] [3] [4] [5] . It was achieved in cold-atom systems where the twoatom scattering length in the vicinity of the Feshbach resonance can be controlled by an external magnetic field and thereby tuned to a large value significantly exceeding the interaction range, a condition needed for the manifestation of the so-called universal or Efimov physics. The possibility of tuning the scattering length is not available in the nuclear physics. Nevertheless, some nuclear systems have quite large two-particle scattering lengths and qualitatively show some properties characteristic for Efimov physics. The simplest case is the three-nucleon system [1, [6] [7] [8] [9] [10] [11] . Further examples are systems consisting of a nuclear core (A) and two neutrons (n) provided that there is a weakly bound or virtual s-wave state in the (A + n) subsystem [12] [13] [14] [15] [16] . Among them the 18 C + n + n system has been studied in a number of works (see Refs. [15, 16] for a review) hoping to
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establish the existence of a 20 C excited Efimov state assuming that 19 C has the binding energy of only S n = 0.16 MeV [17] while the ground state of 20 C is bound with S 2n = 3.5 MeV (relative to the 18 C+ n+ n threshold). However, more recent experiments have not confirmed such a weak binding of 19 C and presently accepted value is S n = 0.58(9) MeV [18] , thereby excluding also the possibility of excited Efimov state in 20 C as a real bound state. Nevertheless, the 18 C + n + n system in the low-energy n + 19 C scattering process is expected to exhibit some universal properties that have been studied theoretically both in zero-range and finite-range models [19] [20] [21] [22] . However, there is no consensus on the fate of the 20 C excited Efimov state as 19 C binding increases towards its physical value. Refs. [21] [22] [23] predict that it becomes a virtual state leading to a pole in the effective-range expansion for n + 19 C scattering similar to the neutron-deuteron case [24] while Refs. [19, 20, 25] claim that the 20 C excited state turns into a continuum resonance seen as a pronounced peak in the n + 19 C elastic cross section around 1.5 keV center-of-mass (c.m.) energy. One of the conclusions drawn in Ref. [25] was that "there is a need to undertake a detailed investigation using realistic interaction". Indeed, all the calculations for the n + 19 C scattering so far have been performed using simple rank-one separable potentials with Yamaguchi form factors for n-n and n-18 C pairs. Although in the ideally universal regime the predictions for observables should be independent of the interaction details, some remnant dependence is expected for realistic systems whose universal behaviour is modified by finite-range corrections.
The goal of the present work is to study the low-energy n + 19 C scattering using more realistic interactions, possibly establishing shortcomings of rank-one separable models, and sort out the differences between findings of Refs. [19, 20, 25] and [21] [22] [23] . The improvement of the interaction models is threefold: (i) For the n-n pair a realistic high-precision charge-dependent (CD) Bonn potential [26] is used. (ii) A rank-one separable potential can support at most one bound state, thus, it misses deeply-bound coreneutron states. These states are occupied by internal neutrons in the core (not treated explicitly) and therefore are Pauli-forbidden and must be projected out. In this way the identity of external neutrons and those within the core is approximately taken into account. A proper treatment of Pauli-forbidden states was found to be important in scattering processes, see e.g. Ref. [27] for α-deuteron collisions. Using a n-18 C potential supporting the 2s state with the 0.58 MeV experimental value [18] of the 19 C binding energy and projecting out the deep 1s state will enable to study the importance of the Pauli-forbidden state for the n + 19 C scattering and its impact on the Efimov physics. (iii) Depending on the chosen two-particle potentials, an additional three-body force (3BF) may be needed to fix the 20 C ground-state binding energy that must be included also in the n + 19 C scattering calculations. Thus, for the desired study of the n + 19 C scattering an accurate theoretical description of three-particle scattering process including general form of potentials and 3BF is needed; the separable quasi-particle formulation of Refs. [19] [20] [21] [22] is not applicable. In the present work the description is obtained by a combination and extension of momentum-space techniques from Refs. [27, 28] . Both are based on exact Faddeev three-body theory [29] in the integral form for transition operators as proposed by Alt, Grassberger, and Sandhas (AGS) [30] , but either neglecting the 3BF [27] or limited to the three-nucleon system [28] .
The employed potentials are described in Sec. 2 and the three-body scattering equations with 3BF in Sec. 3. Results are presented in Sec. 4, and a summary is given in Sec. 5.
Potentials
The system of two neutrons and 18 C core is considered as a three-body problem. Particle masses m n = 1.00069 m N and m A = 18 m N are given in units of the average nucleon mass m N = 938.919 MeV. The dynamics of the system is determined by two-particle potentials v nn and v nA acting within the nn pair and two nA pairs, and, eventually, by an additional 3BF. Unless explicitly stated otherwise, v nn is taken to be the high-precision CD Bonn potential [26] ; it is allowed to act in the s, p and d waves thereby ensuring a perfect convergence of the nn partial-wave expansion. Given the uncertainty in the v nA , a number of models will be used. A very common choice is the Woods-Saxon potential, in the coordinate space defined as
In the present work this kind of potentials is numerically transformed into the momentum-space representation and then used in two-and three-particle equations. The potentials parameters are the strength V c , radius R v = r v A 1/3 , and diffuseness a v with standard values being around r v = 1.2 fm and a v = 0.6 fm; this parameter set is among the considered models. Two further models are taken as r v = 0.8 fm and r v = 0.332 fm keeping the ratio a v /r v = 1/2. In all three cases the strength V c is adjusted such that the excited s-wave state 2s has the experimental 19 C binding energy value ε 2s = S n = 0.58 MeV. The ground state is deeply bound with the energy ε 1s and the wave function |φ 1s depending on the chosen r v , but it is Pauli-forbidden and therefore must be projected out. This is achieved [31, 32, 27] by taking the neutron-core s-wave potential as
where formally Γ → ∞ but in practice Γ must be large enough such that the results for the three-body bound state(s) and scattering in the considered energy regime become independent of it; in the present work Γ = 50 GeV was proven to be sufficiently large. Simultaneously this ensures also the absence of deeply-bound three-body states. The potential models projecting out deeply-bound Pauliforbidden (DP) states will be denoted as DPa, DPb, and DPc; their parameters are collected in table 1. The predictions for the nA scattering length a nA and the effective range r nA are presented as well. As the potentials of Refs. [19] [20] [21] [22] , they are restricted to act in the s-wave only. The manifestation of the Efimov physics is governed by resonant s-wave interactions but in realistic systems also higher partial waves contribute. To estimate their effect, one more model, labeled DPp, is introduced that usesv nA parameters from DPa but is allowed to act in p-waves as well. It turns out thatv nA supports a deeply-bound 1p state |φ 1p for 19 C with ε 1p = 11.54 MeV that is Pauli-forbidden as well and must be projected out in the same way, i.e.,
Furthermore, as in Refs. [21, 22] the energy of the threebody bound state, i.e., the two-neutron separation energy of 20 C, is fixed at its experimental value of S 2n = 3.5 MeV. Except for the DPc model whose range R v was adjusted to reproduce S 2n , in general case the pairwise nn and nA interactions are insufficient for S 2n and an additional 3BF is needed. In fact, when the 3BF is not included, S 2n = 2.083, 2.404, and 2.126 MeV for DPa, DPb, and DPp, respectively. Being unable to derive the 3BF from a microscopic many-nucleon theory, usually a phenomenological form of the 3BF is assumed, depending either on the hyperradius Table 1 Parameters of the employed nA force models DPa, DPb, DPc and DPp with projected-out deeply-bound Pauli-forbidden states and 3BF. In the last line the parameters of the shallow WS potential are given. [32] or hypermomentum [33, 34] . The latter choice is obviously more convenient in the momentum-space framework and therefore is used in the present calculations. The threebody bound-state Faddeev equations, their solution technique, and the form of the 3BF is taken over from Ref. [34] . The latter is
with the hypermomentum
expressed in terms of Jacobi momenta p α for the pair and q α for the spectator and the associated reduced masses µ α and M α . Note that K 2 /2m N is the internal motion kinetic energy, thus, the 3BF has the same form in any Jacobi configuration labeled by the spectator particle α in the oddman-out notation (see next section for more details). The form factor g(
2 ) is chosen as a Gaussian. The cutoff parameter Λ is related to the interaction range R w roughly as ΛR w ∼ √ 2; for each two-body model
ensuring that the 3BF is of shorter range than v nA . The strength W c is adjusted to reproduce the desired three-body binding energy. These parameters are collected in table 1 as well.
To isolate the effect of deeply-bound Pauli-forbidden states, several models without those states are used, i.e., they support only one 19 C bound state 1s with the binding energy ε 1s = 0.58 MeV. The model WS uses a shallow Woods-Saxon potential (1) with r v = 1.19 fm, while the model labeled Y is a rank-one separable potential with Yamaguchi form factor as in Ref. [22] with the momentumrange parameter β nc = 0.6167 fm −1 . Finally, to get the insight on the importance of a realistic nn interaction, instead of the CD Bonn the rank-one separable nn potential with Yamaguchi form factor from Ref. [22] is used; its combination with the nA potential of the same type as Y but with β nc = 0.6131 fm −1 will be labeled YY in the following. The above choices of the range parameter values for WS, Y, and YY models ensure the desired binding energy of 20 C without the 3BF. The WS, Y, and YY potentials will be referred in the following as shallow, in contrast to the deep ones DPa, DPb, DPc, and DPp.
To get an insight into the correlations between the interaction models and physical properties of 19 C and 20 C, in table 2 the predictions for the n-18 C scattering length a nA and effective range r nA , the asymptotic normalization coefficient (ANC) of the 19 C bound state, and the 20 C ground 
Neutron-19 C scattering equations including 3BF
The momentum-space formulation of the three-body scattering theory is convenient when the underlying potentials have nonlocal terms such as those in the deep nA potentials projecting out Pauli-forbidden states. The present work is based on Faddeev equations for the multichannel transition operators U βα in the version derived by Alt, Grassberger, and Sandhas (AGS) [30] but extended to include also the 3BF. Such extensions have been proposed in a number of works, e.g., [35, 28] , but their practical applications mostly were limited to the symmetrized version in the three-nucleon system. The general form of three-body equations from Ref. [28] is taken for the present study of the n-19 C scattering, i.e.,
withδ βα = 1−δ βα , the free resolvent
at the available energy E, the free Hamiltonian for the internal motion H 0 , the two-body transition matrix
and the 3BF arbitrarily decomposed into three components
The odd-man-out notation is used, i.e., the channel α corresponds to the configuration where the particle α is the spectator and the remaining two are the pair. The decomposition of the 3BF into three symmetric parts (7) is essential for the symmetrization of three-nucleon equations [28] but is not needed in the present work. Labeling the particles n, A, n as 1, 2, 3 and taking u α = δ α2 W , the system of the AGS equations (5) for the n-19 C scattering simplifies to
with β = 1, 2, 3. The above system of integral equations is solved in the momentum-space partial-wave representation employing three sets of base functions
being cyclic permutations of (1, 2, 3). Here p α and q α are magnitudes of Jacobi momenta for the corresponding pair and spectator, while L α and l α are the associated orbital angular momenta, respectively. Together with the particle spins s α , s β , s γ they are coupled, through the intermediate subsystem spins S α , j α and S α , to the total angular momentum J with the projection M . Only the basis α = 2 is antisymmetric with respect to the permutation of the two neutrons; this is achieved by considering only even L 2 + S 2 states. However, the neutron identity is accounted for by taking the antisymmetrized elastic scattering amplitude
Here |Φ ν α (k) is the asymptotic state in the channel α; it is given by the product of the bound state wave function for the pair and the plane wave with the on-shell momentum k for the relative motion between the bound pair and spectator α satisfying E = −S n + k 2 /2M 1 ; the spin quantum numbers are abbreviated by ν. In the normalization of Eq. (9) the n-19 C elastic differential cross section for the
Results
The Efimov physics manifests itself in the states dominated by the s-wave components L α = l α = 0 for all α; this condition is satisfied only for J Π = 0 + where
Lα+lα is the total parity. For the notational brevity suppressing the dependence on the on-shell momentum k, the S-matrix and the amplitude in the 0 + state are parametrized as s = e 2iδ and f = e iδ sin δ/k = (k cot δ − ik) −1 , respectively. The phase shift δ is real below the inelastic threshold, i.e., at c.m. kinetic energies E k = k 2 /2M 1 ≤ 0.58 MeV, but becomes complex Table 3 Parameters of the n-19 C effective-range expansion for the employed interaction models together with r nA for n-18 C. 
where a is the n-19 C singlet scattering length and E 0 is the position of the pole. The values for the parameters a, b, c, and E 0 obtained fitting the n-19 C phase shift results at E k ≤ 0.58 MeV for all employed interaction models are collected in table 3 while the corresponding reduced effectiverange functions (1 − E k /E 0 )k cot δ are plotted in Fig. 1 . It turns out that Eq. (10) yields a very good approximation -the quantities calculated directly and from the fitted parameters are indistinguishable in the plot. One notices immediately that (1−E k /E 0 )k cot δ predictions for the groups of the shallow (YY,Y,WS) and deep (DPa,DPb,DPc,DPp) potentials clearly separate. A closer inspection of the table 3 reveals that this is mostly due to the differences in the n-19 C scattering length a and, to a lesser extent, in the parameter b. Within each group one can see qualitatively the same trend in correlations between the n-18 C effective range r nA and n-19 C parameters, i.e., |a|, b and |c| increase with increasing r nA while E 0 decreases. However, it turns out that the presence of deep Pauli-forbidden states is more decisive for a and b than the correlation with r nA , while for c and E 0 these two effects are of comparable importance. The parameters c and E 0 show a broad spread of values, especially in the group of deep potentials. However, if one disregards the DPc model as being of unrealistically short range, one can see again some trend, i.e., larger |c| and smaller E 0 for deep potentials as compared to shallow ones. The parameters of DPa and DPp stay very close indicating that the n-18 C p-wave interaction is indeed irrelevant in the present context. The deviations between Y and YY for all parameters are insignificant as well, thus, the rank-one separable s-wave nn potential is able to capture relevant physics for the n-19 C low-energy J Π = 0 + elastic scattering.
The differences in a and E 0 are clearly reflected in the J Π = 0 + total elastic cross section σ 0 + for the n-19 C scattering shown in Fig. 2 : a determines σ 0 + at E k = 0 while E k = E 0 corresponds to the minimum of σ 0 + . However, this minimum is only clearly seen when the initial state n and 19 C spins are anti-parallel, such that the total channel spin S 1 = 0 couples with l 1 = 0 to J Π = 0 + . If the initial state is not polarized, one has to take into account also the n+ 19 C triplet state (S 1 = 1, l 1 = 0)J Π = 1 + whose cross section σ 1 + is also shown in Fig. 2 . In fact, σ 1 + yields by far the most sizable contribution to the unpolarized lowenergy cross section, given (neglecting l 1 = 1 and higher waves) as the spin-weighted average σ = (σ 0 + + 3σ 1 + )/4. Since the 1 S 0 (nn) configuration is not allowed in the J Π = 1 + state, σ 1 + is governed by the nA interaction. In fact, for all models with the nn CD Bonn potential the n-19 C triplet scattering length a 1 + ≈ a nA + 0.02 fm is simply related to the n-18 C scattering length. The results in Fig. 2 extend above the breakup threshold; in that regime σ 0 + depends on E k only weakly, with the deep models (except for DPc) providing higher cross section than the shallow ones, although the spread within each group is comparable to the difference between groups. The DPa-DPp and Y-YY similarities remain valid also over the broader regime.
However, the situation is quite different for the inelasticity parameter η studied in Fig. 3 . It exhibits some DPaDPp and Y-YY deviations but shows no trend for the differences between shallow and deep potentials, the spread for the latter being very broad. Looking back to the model properties in table 2, one may notice the correlations between the ANC (or a nA , or r nA ) and η. To make it more evident, the inelasticity parameter at E k = 1.14 and 1.90 MeV for all force models is plotted in Fig. 4 against the corresponding ANC value. The dependence is roughly linear with deviations by YY and DPp models, that either have a different nn force (YY) from all the others, or have an additional nA p-wave dynamics (DPp). This is not surprising since one can expect the n- 19 C breakup reaction to be peripheral at these low energies and dominated by the mechanism of the n-n knockout. In fact, even neglecting the 3BF for DPa, DPb and DPp models leads to changes of η that are significantly smaller than the spread of predictions in Fig. 3 . Thus, the breakup and inelasticity parameter η is mostly governed by the properties of the 19 C bound state and the nn force, i.e., by the two-body physics without clear evidence for the three-body Efimov physics.
Finally I turn to the disagreement between Refs. [19, 20, 25] and [21] [22] [23] near the regime where the bound excited 20 C Efimov state disappears. To reach that regime the strength of the nA potential V c is reduced without changes in other force parameters; this leads to the variations of 19 C and 20 C binding energies and n-19 C scattering observables. The appearance of the bound excited 20 C state, depending on the potential, takes place when S n is reduced to 0.07 -0.09 MeV and S 2n to 1.4 -1.9 MeV. This is different from the strategy of Ref. [22] where S 2n was fixed at 3.5 MeV, but nevertheless the present results support the conclusions of Refs. [21, 22] that the excited 20 C state at the n+ 19 C threshold corresponds to a pole in the n-19 C scattering length, i.e., a → ±∞, with +(−) for S n below (above) the critical value. This behaviour is shown in Fig. 5 for selected potential models, but is characteristic for all of them. In contrast, the authors of Refs. [19, 20, 25] claim that the n-19 C scattering length remains positive also for S n above the critical value while the low-energy elastic n-19 C cross section exhibits a resonance around E k = 1.5 keV on top of a nearly constant background. A thorough study of the n-19 C scattering in this regime performed in the present work excludes such a behaviour: the cross section rapidly and monotonically decreases with increasing energy without any signs of resonant peaks. As example the J Π = 0 + elastic cross section calculated using the evolved DPb model is shown in Fig. 6 .
Summary and conclusions

Low-energy neutron-
19 C scattering was studied in the three-body 18 C + n + n model. Realistic nn CD Bonn potential and a number of shallow and deep n-18 C potentials of different range were used. All deep potentials support deeply-bound Pauli-forbidden states that were projected out thereby accounting for the identity of external neutrons and those within the 18 C core in an approximate way, while shallow models ignore this aspect. For all models the po- tential parameters were adjusted to reproduce the experimental binding of the 20 C ground state; most of the deep models had to be supplemented by a 3BF to achieve this goal. Exact three-body Faddeev-type scattering theory in the AGS version for transition operators, extended to include also the 3BF, was implemented in the momentumspace partial-wave framework yielding numerically accurate results for the n-19 C scattering both below and above breakup threshold.
Given the weak binding of 19 C and large nn scattering length, the 18 C + n + n system in the J Π = 0 + partial wave exhibits some features characteristic for Efimov physics. In particular, the presence of an excited 20 C Efimov state as a virtual state leads to a pole in the J Π = 0 + n-19 C effective range expansion. The reduced effective range functions (1 − E k /E 0 )k cot δ clearly separate for shallow and deep models, indicating the importance of a proper treatment for deeply-bound Pauli-forbidden states. For some observables like the n-19 C singlet scattering length the presence of deep Pauli-forbidden states appears to be more decisive than the correlation with the n-18 C effective range. On the other hand, the observed differences between the groups of shallow and deep models are of comparable size as the finite range effects found in Ref. [22] , and therefore do not invalidate the concept of the Efimov physics being independent of the short-range interaction details. However, the present work shows that deeply-bound Pauli-forbidden states may lead to systematic shifts within the limits of finite-range corrections. The effect is even more important for non-observable quantities like the expectation value of the 20 C internal kinetic energy. For the elastic n-19 C scattering in the J Π = 0 + partial wave the signature of the Efimov physics, i.e., the presence of the cross section minimum, was confirmed for both shallow and deep models. It was also shown that without the initial antiparallel n-19 C polarization this minimum is, however, hidden to a large extent due to the dominating contribution of the J Π = 1 + partial wave. In the hypothetical situation of very weak 19 C binding and near-threshold (bound or virtual) excited 20 C state the standard Efimovian behaviour of the n-19 C scattering length and cross section was confirmed as well, clearly supporting Refs. [21] [22] [23] and excluding the possibility of near-threshold resonances predicted in Refs. [19, 20, 25] . As both groups have solved Faddeev equations with rank-one s-wave potentials, a possible explanation for this difference could be inaccurate numerical implementation in Refs. [19, 20, 25] .
In contrast to the elastic n-19 C scattering, the breakup reaction is dominated by two-body physics. The inelasticity parameter in the J Π = 0 + partial wave is mostly correlated with the ANC of the 19 C bound state; this suggests a simple nn-knockout picture for the reaction mechanism.
Although the present work demonstrated the importance of the deeply-bound Pauli-forbidden states in the low-energy elastic n-19 C scattering, further changes can be expected given the low excitation energy of the 18 C core [18] . This would lead to the d-wave admixture in the 19 C ground state and possibly to d-wave excited states or resonances, thereby bringing d-wave corrections to the s-wave dominated Efimov physics of the 18 C + n + n system. For example, significant d-wave effects have been found in the study of cold atom systems with van der Waals interactions [36] . 
